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Unresolved sources of gravitational waves are at the origin of a stochastic gravitational wave
background. While the computation of its mean density as a function of frequency in a homogeneous
and isotropic universe is standard lore, the computation of its anisotropies requires to understand
the coarse graining from local systems, to galactic scales and then to cosmology. An expression of
the gravitational wave energy density valid in any general spacetime is derived. It is then specialized
to a perturbed Friedmann-Lemâıtre spacetime in order to determine the angular power spectrum
of this stochastic background as well as its correlation with other cosmological probes, such as the
galaxy number counts and weak lensing. Our result for the angular power spectrum also provides
an expression for the variance of the gravitational wave background.

I. INTRODUCTION

Astronomical observations include the detection of
radiation from resolved objects as well as various
stochastic backgrounds of radiations (electromagnetic,
gravitational . . . ), due to the superposition of the sig-
nals from all, resolved and unresolved, sources. The
electromagnetic backgrounds include the cosmic mi-
crowave background with a black body spectrum at
2.725 K and the extragalactic background, made up
of all the light emitted by stars, galaxies, quasars etc.
since their formation. The analysis of these back-
grounds provides information on the dynamics of our
universe and on the distribution and evolution of its
large scale structure. Similarly, there exists a neutrino
background, the observation of which seems to be out
of reach, and a background of gravity waves (GW).

The recent detection by the Advanced Laser Inter-
ferometric Gravitational-wave Observatory (LIGO) of
the gravitational wave source GW150914 [1] provided
the first observation of the merging of a binary black
hole (BBH) system. Moreover, LIGO has put upper
bounds on the amplitude of the cosmological stochas-
tic background of GW normalized to the critical den-
sity of the universe, ⌦

GW

h2, in the frequency band
around 100 Hz to be smaller than 6.9 ⇥ 10�6 at 95%
confidence level [2] and ⌦

GW

< 5.6 ⇥ 10�6 for f 2
[41.5, 169.25]Hz [3, 4] . This improves bounds on the
stochastic background obtained from the analysis of
big-bang nucleosynthesis [5, 6], and of the cosmic mi-
crowave background [7, 8] at 100 Hz while Pulsar Tim-
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ing Array (see below) gives a bound ⌦
GW

< 1.3⇥10�9

for f = 2.8 ⇥ 10�9 Hz [9]. The possibility of measur-
ing and mapping the gravitational wave background is
discussed in Refs. [10–15] and a discussion on the dif-
ferent methods which can be used by LIGO and LISA
(Laser Interferometer Space Antenna) to reconstruct
an angular resolved map of the sky are discussed in
Ref. [16].

On the theoretical side, stochastic GW backgrounds
are made up of the superposition of astrophysical sig-
nals from unresolved sources. The di↵erent back-
grounds contribute at di↵erent frequencies and have
distinct statistical properties, making it possible to
distinguish them [17]. In the standard cosmological
model [18], the existence of a primordial GW back-
ground from the amplification of vacuum quantum
fluctuations is a generic prediction of any inflation-
ary phase. Gravitational waves are also produced at
the end of inflation during the reheating phase, see
e.g. Ref. [19] for an analytic and numerical study
of the process. More speculative sources of an early
GW background include pre big-bang modes, cosmic
strings [20–24], first order phase transitions in the
early universe [25], magnetic fields [26]; see Ref. [27]
for a review on those topics and Refs. [5, 28] for gen-
eral reviews. In addition, an astrophysical contri-
bution (AGWB) results from the superposition of a
large number of unresolved sources since the begin-
ning of stellar activity. The nature of the AGWB may
di↵er from its cosmological counterpart, expected to
be stationary, unpolarized, statistically Gaussian and
isotropic, by analogy with the cosmic microwave back-
ground. Many di↵erent sources may contribute to the
AGWB, including black holes and neutron star merg-
ers [29–34], supermassive black holes [35], exploding
supernovae (SNe) [36], neutron stars [37–39], and stel-
lar core collapse [40], population III binaries [41].
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The observational landscape is also growing and
covers large bands of frequencies; see e.g. Ref. [42]
for a review1. At very low frequency (typically
10�10 � 10�6 Hz), there are pulsar timing arrays such
as the radio telescope Parks Pulsar Timing Array2

(PPTA), the Large European Array for Pulsar Tim-
ing3 (LEPTA) and the future International Pulsar
Timing Array4 (IPTA). At low frequencies (typically
10�6 � 100 Hz) detection relies on space-borne de-
tectors, such as Laser Interferometer Space Antenna5

(LISA) and the evolved Laser Interferometer Space
Antenna6 (eLISA) launched in 2016. High frequencies
(typically 100 � 105 Hz) observations rely on ground-
based detectors, such as LIGO and its advanced con-
figuration (aLIGO), VIRGO7 or the Einstein Tele-
scope8 (ET). This spectrum covers most of the the-
oretical predictions.

So far, constraints have been set on the total energy
density of GW background integrated over the sky, as
a function of frequency, ⌦

GW

(⌫), even though some
constraints on the anisotropy have been obtained by
PTA [43, 44], (see below for definition). On the theo-
retical side, the energy density of GW has been mod-
eled and parameterized under the assumption that
both our universe and the distribution of sources are
homogeneous and isotropic, see e.g. Refs. [17, 31].
These assumptions can be relaxed in order to take into
account that astrophysical sources are located in cos-
mic structures that indeed have a distribution that can
be computed in a given cosmological model. Therefore
the flux of energy from all astrophysical sources (re-
solved and unresolved) is not constant across the sky
and depends on the direction of observation. The goal
of our work is to present an analytic framework to
describe and compute the anisotropy in the observed
energy density of the AGWB, taking into account the
presence of inhomogeneities in the matter distribution
and geometry in our observed universe.

To that goal, we need to distinguish di↵erent scales
in our problem, represented in Fig. 1. The first and
largest scale is the cosmological scale of the observer for
whom galaxies are point-like GW sources. The total
flux of GW he/she receives is the sum of the fluxes of
all individual galaxies. The flux from a given galaxy is
related to the galaxy e↵ective (GW) luminosity. This
is a physical quantity defined in the galaxy rest frame,
that takes into account contributions from the vari-
ous sources inside the galaxy (galactic scale). Each
of these sources has a peculiar motion with respect to

1 The associated code http://rhcole.com/apps/GWplotter/

allows one to generate plots of noise curves for many detectors
and associated target sources.

2
http://www.atnf.csiro.au/research/pulsar/ppta/

3
http://www.leap.eu.org

4
http://www.ipta4gw.org

5 www.lisamission.org
6
https://www.elisascience.org

7
https://www.ego-gw.it/public/about/whatIs.aspx

8
http://www.et-gw.eu

the galaxy rest frame, inducing an extra dispersion in
the signal. The luminosity of an astrophysical source
in the galaxy rest frame can in turn be expressed in
terms of local quantities characterizing the source in
its rest frame (local astrophysical scale). In such a way,
one can express cosmological observables characteriz-
ing GW at the observer scale in terms of quantities
defined on local scales of single GW sources. In other
words, we shall provide a final parameterization for
the observed GW flux, which inherits two main con-
tributions: the first has a cosmological origin, i.e. it
is related to the specific cosmology we are looking at
(i.e. geometry of the universe, distribution of the large
scale structure). The second comes from local physics

and encodes information on the specific processes of
GW emission. This latter contribution depends on the
details of the emission processes and on the intrinsic
properties of GW sources inside a galaxy (e.g. rates
and densities of the di↵erent kind of processes).

It follows that the anisotropies of the AGWB en-
code information about (1) the di↵erent mechanisms
of GW production, (2) the astrophysical distribution
of GW sources in galaxies, (3) galaxy formation and
distribution of the large scale structures of the uni-
verse and (4) the spacetime geometry along the line of
sight. The question is which of these e↵ects dominates
on di↵erent frequency bands. In particular, if local ef-
fects are dominant, the AGWB will teach us mostly
about the distribution of GW sources while if it is the
cosmological contribution to dominate, we shall have
a new cosmological observable robust to local physics
unknown. The answer to this question will be dis-
cussed in our companion article [45] , where we also an-
alyze the shape and amplitude of the AGWB angular
power spectra for di↵erent frequencies together with
the correlation with other cosmological probes. Our
theoretical framework can be straightforwardly gener-
alized to discuss di↵erent cosmological scenarios: for
example, if BBH are of stellar origin then the AGWB
is expected to be correlated with the galaxy distribu-
tion while if dark matter is related to a 20-100 solar
mass primordial BH component [46–48] the correla-
tion between AGWB and the galaxy distribution will
be smaller, see e.g. Ref. [49], where the possibility of
distinguishing these models is discussed. The corre-
lation of resolved BH binaries with galaxy clustering
and weak lensing is also discussed in Ref. [50], which
in particular discusses the possibility for 2nd genera-
tion GW detectors to measure such correlations.

Our approach relies on integrating all sources. Al-
ternatively, one can also derive an e↵ective source term
for a Boltzmann approach to the AGWB, as tried in
Ref. [51]. For resolved sources, our analysis provides
a modellisation of the GW luminosity distance [52–
54], see also Ref. [55] for the cross-correlation of these
GW standard sirens to galaxy clustering. On the other
side, the total energy density of the AGWB depends
only on the ratio between the luminosity distance DL

and the angular diameter distance DA. This ratio is
given by (1 + z)2 because of the reciprocity relation,
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(1) Cosmological scale

(2) Galactic scale

(3) Astrophysical scale

FIG. 1: Schematic representation of our approach. Left: Spacetime representation. The observer detects a signal in the
direction eµ

O
, with solid angle d2⌦O around this direction. This defines a bundle of null geodesics along its past lightcone.

The physical volume element dV is a 3-dimensional volume element, defined as the intersection of a 4-dimensional volume
element with the observer past lightcone. Right: The three scales in our problem: cosmological, galactic and astrophysical.

which holds in any spacetime geometry [56, 57].

This study is organized as follows. In Section II
we introduce the line of sight approach, we define the
various scales of the problem and derive a parame-
terization for the energy density of the AGWB valid
in a generic cosmology. We also describe the coarse
graining necessary to link observable quantities to
local quantities characterizing the processes of GW
emission. In Section III we specialize this result to the
case of a perturbed Friedmann-Lemâıtre-Robertson-
Walker (FLRW) cosmology. This provides all the
tools to compute the angular power spectrum of the
AGWB energy density in Section IV. To conclude, in
Sections V and VI, we compute the correlators with
other cosmological probes, namely weak-lensing by
the large scale structure and galaxy number counts.
The applicability of this formalism is discussed in
Section VII, where we pave the way to the further
numerical investigations presented in our companion
article [45].

Notations: The cosmic scale factor is normalized
to unity at the time of observation, a

O
= 1, and we

use units defined such that c = ~ = kB = 1. A dot
corresponds to a derivative with respect to conformal
time, i.e. Ẋ = @⌘X.

II. GENERAL FRAMEWORK

The spectrum of the AGWB is characterized by the
dimensionless density parameter

⌦
GW

(⌫O) ⌘
⌫O

⇢c

d⇢
GW

(⌫O)

d⌫
O

, (1)

where ⇢c ⌘ 3H2

0

/(8⇡G) is the critical density, ⌫O is
the frequency as measured by the observer, and ⇢

GW

is the AGWB energy density [58]. The correspond-
ing spectrum d⇢

GW

/d⌫
O

is related to the directional
dependent spectrum, whose general derivation is the
goal of this section, through

d⇢
GW

(⌫
O
)

d⌫O

=

Z
d3⇢

GW

(⌫
O
, e

O
)

d⌫Od
2⌦O

d2⌦O , (2)

where e
O
is a spatial 3-vector defining the direction of

observation (see Eq. (6) below for definition).

A. Line of sight approach to GW propagation

We work in the eikonal limit in which the propa-
gation of GW is described in a similar way as light
in the geometrical optic approximation [58–61]. The
spacetime metric can be decomposed as

(gµ⌫)tot = gµ⌫ + hµ⌫ , (3)

where hµ⌫ is the GW metric perturbation and we refer
to gµ⌫ as general background metric (e.g. in cosmology
it will contain the background FLRW metric as well
as cosmological perturbations).
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Einstein equations imply that GW follow null
geodesics [58, 59], xµ(�) where � is an a�ne parameter
along the geodesic. Its tangent vector

kµ =
dxµ

d�
(4)

is a null vector (kµkµ = 0) that satisfies the geodesic
equation

Dkµ

D�
⌘ k⌫r⌫k

µ = 0 , (5)

where r⌫ denotes the covariant derivative associated
to the metric gµ⌫ .

Consider an observer with 4-velocity uµ (uµuµ =
�1). At any time, his worldline is the origin of the ob-
server past lightcone containing all observed GW rays.
The 4-velocity uµ defines a preferred spatial section
and the spatial direction of GW propagation, defined
as the opposite of the direction of propagation of the
signal converging to the observer. It is spanned by the
purely spatial unit vector eµ ,

eµuµ = 0 , eµeµ = 1 , (6)

which provides the 3+1 decomposition of the wave 4-
vector 9

kµ = E (uµ � eµ) , (7)

where E = 2⇡⌫ ⌘ �uµkµ is the cyclic frequency of the
GW signal in the observer’s rest frame. We define the
spatial projection of the wave 4-vector as

pµ ⌘ (gµ⌫ + uµu⌫) k⌫ = �Eeµ . (8)

The redshift z
G
is defined from the ratio between the

emitted frequency ⌫
G

in the source’s rest frame and
the observed frequency in the observer’s rest frame ⌫

O

as

1 + zG ⌘ ⌫
G

⌫O

=
uµ

G
kµ(�G

)

uµ
O
kµ(�O)

, (9)

where uµ
G
is the 4-velocity of the source and uµ

O
is the

4-velocity of the observer. The source G 10 located at
a redshift zG is emitting GW with a given frequency
spectrum. From the definition (9), it follows that the
frequency measured in O, ⌫

O
, is related to the fre-

quency at the emission, ⌫
G
by

⌫
G
= (1 + z

G
)⌫

O
. (10)

Let us conclude by stressing that xµ(�) is the world-
line of a graviton which intersects the worldline of the

9 In other terms, introducing a space and a time projectors,
Sµ⌫ = gµ⌫ + uµu⌫ and Tµ⌫ = �uµu⌫ respectively, we have
eµ ⌘ �Sµ

⌫ k
⌫/E.

10 As discussed in the introduction, we identify sources with
galaxies containing astrophysical sources of GW.

observer at the time of observation. Then, by defini-
tion,

xµ(�O) = xµ
O
,

dxµ(�)

d�

����
�=�

O

= EO(u
µ
O
� eµ

O
) . (11)

Therefore, xµ(�) is a function of the direction of obser-
vation and of 4-position of the observer, i.e. xµ(�) =
xµ(�, eµ

O
, xµ

O
). In the following, to make the notation

compact, the dependence on eµ
O
and xµ

O
will be under-

stood.

B. Parameterization of the observed GW
radiation

As discussed in the introduction, providing a gen-
eral parameterization for the GW energy flux from
unresolved astrophysical sources requires to consider
3 scales.

1. cosmological scale. The observer measures a GW
flux in a direction eO and solid angle ⌦O . The
angular resolution of the observer is such that we
assume galaxies to be point-like sources emitting
GW and comoving with the cosmic flow.

2. galactic scale. A galaxy is described by a set of
parameters such as its mass, mean metallicity,
. . .We associate to each galaxy an e↵ective lumi-
nosity encoding the global e↵ects of all the GW
sources contained into it. These sources have a
velocity � in the galaxy rest frame. Therefore, to
get the e↵ective luminosity of each type of astro-
physical sources, we need to sum the luminosities
of all single sources of that type, averaged over
their velocity distribution function in the galaxy
rest frame.

3. astrophysical scale. This is the local scale of sin-
gle GW sources. For any source (binary inspi-
ralling, binary merging, supernova, . . . ) one can
study the astrophysical process of GW produc-
tion and calculate its energy spectrum, function
of local parameters characterizing the source.

We denote as i�type source a specific source of GW.
Each type of source is fully characterized by specific
values for its local parameters ✓(i) (e.g. orbital pa-
rameters, masses . . . ) and by the parameters char-
acterizing its host galaxy (mass M

G
, metallicity Z

G
,

. . . ), which we will indicate collectively as ✓
G
. These

parameters are in full generality time-dependent func-
tions. We consider ✓

G
and ✓(i) evaluated at the time

at which the signal received by the observer O at the
time of observation t

O
, has been emitted.

Let us now turn to the definitions of the physical
quantities on each scale and on their connections.



5

1. Cosmological scale

Since the intrinsic angular resolution of present ob-
servations does not allow to resolve galaxies, we de-
scribe them as point-like sources emitting GW and
comoving with the cosmic flow. Each galaxy is char-
acterized by its e↵ective luminosity, which depends on
its parameters ✓G , and that needs to be expressed in
terms of the properties of the sources contained in the
galaxy.

Consider a galaxy observed at a redshift z
G

in di-
rection e

O
. The total flux of energy received by the

observer O in this direction is related to the absolute
e↵ective luminosity of the galaxy (i.e. the power ra-
diated by the galaxy, in the galaxy rest frame) by the
following relation

�(z
G
, e

O
, ✓

G
) ⌘ LG(✓G)

4⇡D2

L

(z
G
, e

O
)
, (12)

where D
L

(z
G
, e

O
) is the luminosity distance of the

galaxy. The angular diameter distance is defined as

D2

A

⌘ AG

⌦
O

, (13)

where AG is the physical area of the galaxy and
⌦O ⌧ 1 is its apparent observed angular size. Lu-
minosity and angular diameter distances are related
by the reciprocity relation (see e.g. [56, 57, 62, 63] for
a test of this relation)

D
L

= (1 + z
G
)2D

A

. (14)

Let us introduce the e↵ective frequency spectrum of
GW of the galaxy, L

G
(⌫

G
, ✓

G
), normalized in such a

way that
Z 1

0

LG(⌫G , ✓G) d⌫G = LG(✓G) . (15)

Making use of Eq. (10), we find

L
G
(✓

G
) = (1 + z

G
)

Z
L

G
[⌫

O
(1 + z

G
), ✓

G
]d⌫

O
. (16)

We can then define the flux measured by the observer
in the frequency range (⌫

O
, ⌫

O
+d⌫

O
). Using the defi-

nition (12), it follows that

�(z
G
, e

O
, ⌫

O
, ✓

G
)d⌫

O
⌘ (1 + z

G
)

4⇡D2

L

(z
G
, e

O
)
L

G
(⌫

G
, ✓

G
)d⌫

O
.

(17)
This quantity is called specific flux of GW radiation.

2. Galactic scales

We now need to relate the former quantities to
those associated to the astrophysical GW sources in-
side each given galaxy. In the galaxy rest frame, one
can introduce a local system of coordinates (di↵erent

from the cosmological coordinate system). In this sys-
tem, a GW source characterized by ✓(i) has a velocity
�(✓(i), ✓

G
), that also depends on the parameters of the

host galaxy (in particular the velocity dispersion de-
pends on the total mass).
We assume the velocities to have a distribution func-

tion f(�, ✓
G
) where the explicit dependence on ✓

G
re-

minds that di↵erent galaxies have in principle associ-
ated di↵erent distribution functions. The function f
is normalized as

Z
d3� f(�, ✓

G
) = 1 , (18)

and we assume that each source type is globally at rest
with respect to the galaxy, i.e.

Z
d3��f(�, ✓

G
) = 0 . (19)

To describe the collective emission of all the sources of
a galaxy, one should first perform a Lorentz transfor-
mation to shift from the reference frame of the source
to the one of the galaxy (described e.g. by the normal
vector to the galactic plane) to describe the emission
of a single source in the galactic rest frame. Then,
one shall perform a rotation to describe the emission
in galactic coordinates. These transformations are de-
scribed in Appendix A. However, these e↵ects are lin-
ear in � at lowest order. When averaging over all the
sources of a given galaxy, this lowest order contribu-
tion will cancel thanks to Eq. (19) and higher contri-
butions will be negligible since we expect |�|/c ⌧ 1.
We denote as A

(i)
G

the axis characterizing the ori-
entation of the source in this galactic frame. In the
source rest frame, we expect the GW emission to be
rotationally invariant around the axis of the source
A

(i)
S
, i.e. the spectrum depends on the direction e

(i)
S

only through µ(i)
S

= cos↵(i)
S

= eS ·A(i)
S
. As explained

in detail in the Appendix, the galactic frame is related
to the source local frame by a rotation (aligning the
z axis with the axis of the galaxy) and a boost with
velocity �. As a consequence, the luminosity emitted
by a given GW source in the galaxy rest frame, L(i)

G
,

is a function of the velocity of the source and of its
orientation in the galaxy rest frame, A(i)

G
and of the

direction of emission in the galaxy frame e

G
. Explic-

itly, the e↵ective luminosity per unit solid angle d⌦
G

(defined in the galaxy rest frame), is

d2L(i)
G

d2⌦
G

⌘
d2L(i)

G

d2⌦
G

(�, ✓(i), e
G
,A(i)

G
, ✓

G
) , (20)

where the subscript G indicates again that we are
defining quantities in the galaxy rest frame.
In full generality, the computation of the total flux

in the galaxy rest frame requires both the information
on the orientation A

(i)
G

of each system and its velocity

�(✓(i), ✓
G
) in the galaxy rest frame. In the following,

we assume that A

(i)
G

and �(✓(i), ✓
G
) are uncorrelated

random variables on which we average. Physically,
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the average on A

(i)
G

corresponds to an average over
the possible orientations of a given source. We then
integrate over the direction ⌦

G
. This integration in

turn is justified by the fact that we do not have access
to the information on the distribution of sources inside
a galaxy. All this leads to the fact that the e↵ective
luminosity of the galaxy is isotropic in its rest frame,
justifying our notation LG(✓G)

11. Under this hypothe-
sis, each galaxy is a point source radiating isotropically
in its rest frame.

The GW sources can be split in two categories, de-
pending on the duration of the emission process with
respect to the characteristic time of evolution of the
system. We consider

• inspiralling binary sources, for which the evo-
lution of the orbital parameters is slow com-
pared to galactic time scales so that the emis-
sion of GW can be averaged on many periods.
To compute the luminosity associated to inspi-
ralling systems, we need to compute the number
of systems and the radiated power;

• merging binary sources and exploding SNe, for
which the duration of the emission is short com-
pared to the typical galactic time scale. To com-
pute the luminosity associated to these systems,
we need to determine the rate of events and the
total radiated energy.

We shall thus decompose the total e↵ective luminosity
of a galaxy as

L
G
(✓

G
) = LI

G
(✓

G
) + LM

G
(✓

G
) + LSN

G
(✓

G
) , (21)

respectively indicating the contributions from inspi-
ralling binaries (I), mergers (M) and supernovae (SN).
As we shall see, the last two contributions have for-
mally the same structure. However, to keep the nota-
tion clear, we write them separately.

The first contribution can be decomposed as

LI
G
(✓

G
) ⌘

Z 1

0

d⌫
G
LI

G
(⌫

G
, ✓

G
) , (22)

=
IX

(i)

Z
d✓(i) N (i)(✓(i), ✓G)

Z
d3� f(�, ✓G)

⇥
Z

d2⌦
G

4⇡
d2A(i)

G

d2L(i)
G

d2⌦G

(�, ✓(i), e
G
,A(i)

G
, ✓

G
) ,

(23)

where the sum runs over di↵erent types of inspiralling
binary systems (e.g. back hole-black hole, neutron
star-neutron star . . . ). In Eq. (23), N (i)(✓(i), ✓

G
) is

the number of sources in the inspiralling phase with
parameters ✓(i) in a galaxy with parameters ✓

G
and

11 Note that if this is not the case, one would also need to know
the orientation of each galaxy with respect to the line of sight!

L(i)
G

is the e↵ective luminosity of a single source inside
the galaxy. Note that in full generality we should have
considered N (i)(✓(i), ✓

G
,A(i)

G
) but we assumed the dis-

tribution of the axis to be isotropic. It follows that
the dependency in the direction of emission drops out
in the integration over d2⌦

G
so that the final result,

LI
G
(✓

G
), reduces to a monopole for the whole galaxy.

To grasp the physical meaning of the single source
e↵ective luminosity (per unit of solid angle d⌦

G
) and

to understand how this can be related to the power
radiated by the source, we express it as

dL(i)
G

d2⌦G

(�, ✓(i), eG ,A
(i)
G
, ✓G) ⌘

⌘
Z

d⌫G

d2L(i)
G

d2⌦
G

(⌫G ,�, ✓
(i), eG ,A

(i)
G
, ✓G) (24)

=

Z
d⌫

G

d4E(i)
G

d2⌦
G
dt

G
d⌫

G

(⌫
G
,�, ✓(i), e

G
,A(i)

G
, ✓

G
) ,

(25)

where the power per unit of solid angle
dE(i)

G
/(dtGd⌫Gd

2⌦G) in the galaxy rest frame is
related to the emitted power per unit solid angle (in
the source local frame) through a rotation and Lorentz
transformation. Inserting Eq. (24) in Eq. (23), we can
read the following parameterization for the e↵ective
luminosity per unit of e↵ective frequency

LI
G
(⌫

G
, ✓

G
) ⌘

IX

(i)

Z
d✓(i)N (i)(✓(i), ✓

G
)

Z
d3�f (�, ✓

G
)

⇥
Z

d2⌦
G

4⇡
d2A(i)

G

d4E(i)
G

d2⌦
G
dt

G
d⌫

G

(⌫G ,�, ✓
(i), eG ,A

(i)
G
, ✓G) .

(26)

The second contribution to Eq. (21) from mergers
can be decomposed as

LM
G
(✓G) ⌘

Z 1

0

d⌫GLM
G
(⌫G , ✓G) , (27)

=
MX

(i)

Z
d✓(i)

dN (i)

dtG
(✓(i), ✓

G
)

Z
d3� f(�, ✓

G
)

⇥
Z

d⌫
G

d2⌦G

4⇡
d2A(i)

G

d3E(i)
G

d2⌦
G
d⌫

G

(⌫
G
,�, ✓(i), e

G
,A(i)

G
, ✓

G
) ,

(28)

where the sum runs over all types of mergers (i.e. back
hole-black hole, neutron star-neutron star . . . ) and
dN (i)/dtG is the merging rate of systems of type i in
the galaxy rest frame. dE(i)

G
/d⌫G is the energy spec-

trum per unit solid angle (in the galaxy rest frame)
from a source of type i with parameters ✓(i) and ve-
locity � in the galaxy rest frame. The latter is re-
lated to the emitted spectrum in the source local frame
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through a Lorentz transformation.12 Comparing Eq.
(27) and Eq. (28), we can read the following expres-
sion for the e↵ective luminosity associated to merging
objects, per unit of e↵ective frequency

LM
G
(⌫G , ✓G) =

MX

(i)

Z
d✓(i)

dN (i)

dt
G

(✓(i), ✓
G
)

Z
d3� f(�, ✓

G
)

⇥
Z

d2⌦G

4⇡
d2A(i)

G

d3E(i)
G

d2⌦
G
d⌫

G

⇣
⌫G ,�, ✓

(i), eG ,A
(i)
G
, ✓G

⌘
.

(29)

The decomposition of the third contribution to Eq.
(21) from SNe follows the same steps described above
for the case of merging binary systems and the final re-
sult is the analogous of Eq. (29), with the sum running
over the di↵erent types of SNe and with the quantity
dN (i)/dt

G
denoting the explosion rate of SNe of type

i in the galaxy rest frame.

Equations (26) for inspirals and (29) for merger and
supernovae, are the main results of this paragraph.

3. Astrophysical scale

For each galaxy and each type of astrophysical
sources, one can calculate the GW spectrum or power
emitted by the source in its local frame as a function
of the source local parameters. Local quantities in the
source frame, that we denote with a subscript S, are
related to quantities in the galaxy rest frame through a
Lorentz transformation, once the velocity of the source
with respect to the galaxy rest frame is known. This
is detailed in Appendix A. The e↵ect of the velocity
of the center of mass of a binary on its wavefront is
discussed in Ref. [64].

At linear order in the velocity �, the e↵ects of the
peculiar motion of a source in its host galaxy can be
neglected on average. Explicitly, the e↵ective lumi-
nosity of a galaxy per unit of e↵ective frequency, Eqs.
(26) and (29) can be rewritten in terms of local quan-
tities at the source since at linear order in �, ⌫

G
= ⌫

S
,

E
G
= E

S
, and t

G
= t

S
, and the directional dependence

reduces to a dependence in µ(i)
G

⌘ e

G
· A(i)

G
if in the

source rest frame the dependence on directions is only
through µ(i)

S
(see Appendix A).

12 The rate of mergers can be further parametrized as

dN (i)

dtG
(✓(i), ✓G ) = SFR⇥N (i)

⇣
✓(i), ✓G

⌘
,

where the star formation rate (SFR) function depends on the
details of local physics.

4. Summary: from astrophysical to cosmological scale

We can now gather all these pieces to derive the ex-
pression of the flux of energy received by the observer
O in the direction e

O
, per unit of observed frequency in

terms of quantities defined at the small scales (galac-
tic and astrophysical). The definition (17) gives the
specific flux

�(zG , eO , ⌫O , ✓G)d⌫O =
(1 + zG)LG(⌫G , ✓G)

4⇡D2

L

(zG , eO)
d⌫O ,

(30)

where the total e↵ective luminosity per unit of e↵ec-
tive frequency LG can be decomposed as the sum of
contributions from inspiralling binaries, mergers and
SNe as

LG ⌘ LI
G
+ LM

G
+ LSN

G
, (31)

where LI,M,SN
G

, are respectively defined in Eqs. (26)
and (29), which can be expressed in terms of local
quantities defined in the local frame of the GW sources
inside the galaxy.

C. Final results

Equation (30) provides a general expression for the
specific flux (i.e. flux per unit of observed frequency)
of the gravitational waves received by an observer O in
a direction eO from a galaxy at redshift zG , assumed
to be a point-like source and isotropically radiating in
its rest frame.
In practice, because of limited spatial resolution, an

instrument responds to the flux per solid angle, i.e.
the intensity of GW from the source.13 Our goal is
to derive the total energy density of GW received in a
solid angle d2⌦

O
around the direction of observation

e
O
per unit of observed frequency ⌫

O
. This requires to

add the specific fluxes received from the various galax-
ies contained in this solid angle. Formally, we need to
consider the null geodesic xµ(�) passing through O in
the direction eO , i.e. satisfying the conditions (11).
At any event corresponding to a given value of �

of the a�ne parameter, the local physical 3-volume
element is

d3V ⌘
p
�g ✏µ⌫↵� u

µdx⌫dx↵dx� . (32)

The total intensity of GW observed in the direction e
O

is then easily obtained by summing the contributions
from all the galaxies along the line of sight. Explicitly,
if we want the contribution between � and � + d�
we need to multiply the number of galaxies in d3V

13 What is actually measured in an image is the specific intensity
I, i.e. the intensity in a specific frequency range and solid
angle around the direction of observation.
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by the specific flux received from a single galaxy with
parameters ✓

G
, integrating over the range of possible

values for ✓
G
. One gets the final expression

d3⇢
GW

d⌫Od
2⌦O

(⌫O , eO) =

Z
d�

Z
d✓G � [xµ(�), ⌫O , ✓G ]

d3N
G

d� d2⌦O

[xµ(�), ✓G ] , (33)

where �[xµ(�), ⌫
O
, ✓

G
] is the specific flux received at

frequency ⌫
O
in direction e

O
from a galaxy located at

xµ(�), defined in Eq. (30) and the direction dependent
spectrum on the left hand side is related to the GW
energy density in Eq. (2). d3N

G
(xµ(�), ✓

G
) represents

the number of galaxies with parameters ✓
G
contained

in the physical volume d3V defined in Eq. (32), seen
by the observer O under the solid angle d2⌦

O
. We in-

troduce n
G
[xµ(�), ✓

G
], the physical density of galaxies

with parameters ✓
G
, by

d3N
G
[xµ(�), ✓

G
] ⌘ n

G
[xµ(�), ✓

G
] d3V [xµ(�)] . (34)

To simplify our final result, it is useful to rewrite Eq.
(32) expressing the physical volume element as

d3V [xµ(�)] = d2⌦
O
D2

A

(�)
q

pµ(�)pµ(�)d� , (35)

where we used the fact that d3V is the volume
with cross-section D2

A

and depth
p

pµ(�)pµ(�)d� =
�(uµkµ)d� along the line of sight, pµ being defined in
Eq. (8).
Substituting Eqs. (34-35) in Eq. (33) and using the

expression (30) for the specific flux, we get

d3⇢
GW

d⌫
O
d2⌦

O

(⌫
O
, e

O
) =

1

4⇡

Z
d�

Z
d✓

G

p
pµ(�)pµ(�)

[1 + z
G
(�)]3

n
G
[xµ(�), ✓

G
]L

G
(⌫

G
, ✓

G
) , (36)

where we have used the reciprocity relation (14). In
this equation, the total e↵ective luminosity per unit
of e↵ective frequency, L

G
is defined in Eq. (31) as a

sum of contributions from inspiralling binaries, merg-
ers and SNe. It depends on the local physics inside the
galaxies while the others factors in the integral depend
on the cosmology.

In order to compare our expression with standard
results in the literature, we split the GW energy den-
sity as

d3⇢
GW

d⌫Od
2⌦O

(⌫O , eO) ⌘

d3⇢I
GW

d⌫Od
2⌦O

+
d3⇢M

GW

d⌫Od
2⌦O

+
d3⇢SN

GW

d⌫Od
2⌦O

, (37)

respectively for inspiralling binaries, mergers and SNe.
The explicit expression of each one of these terms can
be straightforwardly derived comparing (37) to Eq.
(36) with LG ⌘ LI

G
+ LM

G
+ LSN

G
.

We conclude observing that the expression (36) as
well as the definition (37) are completely general in the
sense that they do not assume any specific form for the
metric. They can be specialized to any cosmology.

III. COSMOLOGICAL FRAMEWORK

We now consider the standard cosmological frame-
work [18] in which the universe is modeled by a
FLRW universe with Euclidean spatial sections and
with scalar perturbations. In Newtonian gauge, the
metric gµ⌫ is given by

ds2 = a2
⇥
�(1 + 2 )d⌘2 + (1� 2�)�ijdx

idxj
⇤
, (38)

where the metric of the constant time hypersurfaces is

�ijdx
idxj = d�2 + �2

�
d✓2 + sin2 ✓d�2

�
, (39)

in terms of the comoving radial distance �. The two
Bardeen potentials are decomposed as

 =  +⇧, � =  �⇧. (40)

In the standard ⇤CDM model, the matter content at
late time is dominated by cold dark matter (CDM),
described by a pressureless fluid, and by the cosmolog-
ical constant. It follows that the Bardeen potentials,
� and  , are equal, so that  = � =  and ⇧ = 0.
We assume that the galaxies are all comoving with

the cosmic flow. To first order in perturbations, the
four velocity of the cosmic fluid is given by

uµ ⌘ 1

a
(1�  , vi) ⌘ ūµ + �uµ , (41)
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where vi is the peculiar velocity field. From the matter
conservation equation, the galaxy peculiar velocity can
be related to the gravitational potential through the
Euler equation.14

A. Strictly spatially homogeneous and isotropic
universe

We start by considering an unperturbed FLRW uni-
verse (i.e. � =  = 0 in Eq. (38)). Homogeneity and
isotropy imply that @i is the Killing vector associated
to the invariance under spatial translations. There-
fore, g(@i, k) = ki is a constant of geodesic motion.
Moreover, since k is a null vector, E2 = gijkikj . From
the geodesic equation, we get

k̄µ(�) =
1

a2(�)
(1,�e

O
) , (42)

where e

O
denotes the spatial direction of observation.

From now on it will be denoted simply by e and we
denote with an overbar background quantities. It fol-
lows

Ē(�) =
1

a(�)
. (43)

Further integrating Eq. (42), we find for the back-
ground geodesic

x̄0(�)� x̄0(�
O
) = ⌘ � ⌘

O
⌘ �⌘ , (44)

x̄i(�)� x̄i(�O) = ei�⌘ . (45)

The spatial direction of propagation of GW is defined
in Eq. (8) and now reads

p̄µ(�) =
1

a2(�)
(0,�e) , (46)

and the physical volume defined in Eq. (35) reduces
to

d3V =
1

(1 + z̄)3
�2(z̄)

H(z̄)
d2⌦

O
dz̄ (47)

so that Eq. (36) reduces to

d3⇢
GW

d⌫Od
2⌦O

(⌫
O
) =

1

4⇡H
0

Z
dz̄

1

E(z̄)

1

(1 + z̄)4

Z
d✓

G
n̄

G
(z̄, ✓

G
)L

G
(⌫

G
, ✓

G
) . (48)

In Eq. (48), n̄G(z̄, ✓G) is the background (homoge-
neous and isotropic) density of galaxies. We have used
that in a FLRW universe D

L

(z̄) = (1 + z̄)�(z̄) and
we have defined E(z̄) ⌘ H(z̄)/H

0

. As expected, this
expression does not depend on the direction of ob-
servation. When specialized to merging binaries (i.e.
setting LI,SN

G
= 0 inside L

G
), Eq. (48) once replaced

in Eqs. (2) and (1) is in agreement with the standard
literature, e.g. with Eq. (3.18) of Ref. [31] 15.

15 In Ref. [31] the peculiar motion of sources inside galaxies is
not taken into account. Therefore, to compare our result
with the one of [31], we need to set f(�, ✓G ) = �(�) in Eq.
(48). As a consequence, in our result we need to identify
the frequency ⌫G with the frequency ⌫S . This explains the
di↵erence between our result (48) and the one of Ref. [31]
in the expression of the local astrophysical contribution (i.e.
inside LG in our expression). Moreover, in Ref. [31], nG is
the comoving density of galaxy and not the physical one and
the merging rate is defined with respect to the observer time
and not the time at the source. This explains the additional
factor of (1 + z̄)�4 in our expression.

B. Perturbed FLRW universe

We now consider the e↵ect of the scalar perturba-
tions in the metric (38). Our goal is to obtain an
expression for the GW background energy density at
first order in the metric perturbations. Let us con-
sider a graviton whose null worldline is intersecting
the worldline of the observer at time ⌘

O
. We decom-

pose it as

xµ(�) = x̄µ(�) + ⇠µ(�) , (49)

where x̄µ is the null geodesic of the FLRW background
spacetime and ⇠µ represents the deviation from the
background geodesic. To solve the geodesic equation
we use that geodesics are the same in conformally re-
lated metrics. We introduce a metric g̃µ⌫ such that

ds2 = a2d̃s
2

and

kµ =
1

a2
k̃µ , � = a2�̃ . (50)

The null geodesic of the metric g̃µ⌫ reads

d�k̃µ

d�̃
⌘ d2⇠̃µ

d�̃2
= ���̃µ↵�

¯̃k↵ ¯̃k� , (51)
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where an overbar indicates background quantities and
��̃µ↵� denotes the Levi-Civita connection of the g̃µ⌫
metric at first order in scalar perturbations. Solving
Eq. (51) and going back to the original metric gµ⌫ ,
gives

�k0(�) = � 2

a2
[ +⇧]��

O
+

2

a2

Z ⌘

⌘
O

d⌘0 ̇ , (52)

�ki(�) =
2

a2
(⇧�⇧

O
� ) ei � 2

a2

Z ⌘

⌘
O

d⌘0 @i , (53)

where we have imposed initial condition at � = �O in
such a way that the null-geodesic condition kµkµ = 0
is satisfied up to first order in perturbations. From
Eq. (4), dxi/d⌘ = ki/k0, hence we obtain

⇠i = �2

Z ⌘

⌘
O

d⌘0
h
ei + (⌘ � ⌘0)(�ji � eie

j)@j 
i
,

(54)
where we have set ⇠i(⌘

O
) = 0.

The redshift of a graviton emitted from a galaxy at
spacetime position G and observed at O is defined in
Eq. (9). Since gravitons follow null geodesics, we find

1 + zG =
1

aG

"
1 + ( +⇧� v · e)|O

G
+ 2

Z ⌘
G

⌘
O

d⌘  ̇

#

(55)
which we decompose as

z
G
⌘ z̄ + �z , (56)

where the first order correction �z is due to the metric
perturbations and peculiar velocities.

We now need to specialize Eq. (36) to the perturbed
metric (38) and expand the various functions in per-
turbation in order to derive the expression of the en-
ergy density received up to first order in perturbations.
The density of galaxies n(xµ, ✓

G
) can be expanded as

n
G
(xµ) = n̄

G
(x̄µ) + ⇠µrµn̄G

(x̄µ) + �n
G
(x̄µ) , (57)

where we have omitted the dependence on ✓G . The
first term is the background contribution while the
other two are first order corrections. Note that since
n̄G is a background quantity, it does not depend on
spatial coordinates, so that ⇠µrµn̄G = 0. We define

�n
G
(x̄µ, ✓

G
)

n̄(x̄µ)
⌘ b(⌘)�

CDM

(x̄µ) , (58)

where in full generality the bias b depends on time
coordinate; �

CDM

denotes the CDM density contrast.
Similarly, the physical volume in xµ(�) can be ex-
panded as

d3V (xµ) = d3V̄ (x̄µ) + ⇠µrµd
3V̄ (x̄µ) + �d3V (x̄µ) .

(59)
However, as explained in Section IIC, by using the
expression of the physical volume in terms of the ob-
served solid angle and the angular diameter distance,
Eq. (35), the final expression for the total flux re-
ceived, (36), depends on the angular diameter distance
only through the ratio DA/DL, given by (1 + z)�2

by the reciprocity relation (14). We thus need to ex-
pand only the direction of propagation pµ defined in
Eq. (8) up to first order in perturbations. We get
pµ ⌘ p̄µ + �pµ with p̄µ given in Eq. (46) and

�p0 = � 1

a2
v · e , (60)

�pi = � 2

a2

 
ei( �⇧+⇧O) +

Z ⌘

⌘
O

d⌘0@i +
vi

2

!
.

(61)

After simplifications, it can be shown that

p
pµp⌫gµ⌫ =

1

a
+ (62)

+
1

a

"
 �⇧+ 2⇧

O
+ e · v + 2

Z ⌘

⌘
O

d⌘0e ·r 
#
.

This quantity can be related to the ratio between
proper time ⌧ of the observer and conformal time ⌘
as

d⌧

d⌘
⌘

s

Sµ
↵S⌫

�

dx↵

d⌘

dx�

d⌘
gµ⌫ =

p
pµp⌫gµ⌫

✓
d�

d⌘

◆
,

= a [1 + +⇧+ v · e] . (63)

Now, we need to substitute Eqs. (55), (57) and (62)
for the redshift, galaxy number density and for the
norm of the direction of propagation of GW in Eq. (36)
and keep terms up to first order in scalar perturba-
tions. For redshift and galaxy density, we get, respec-
tively

1 + z
G

=
1

a

"
1 + 

O
� +⇧

O
�⇧� v

O
· e+ v · e+ 2

Z ⌘

⌘
O

d⌘0 ̇

#
, (64)

nG(x
µ) = n̄G(⌘) + �nG . (65)

As a cross check, one can compute
p
pµp⌫gµ⌫ ⌘ �(uµkµ) = �(1 + zG)(u

µkµ)O with (1 + zG) given by
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eq. (64) and verify that it reduces to the expression
(62) for the norm of pµ. Gathering Eqs. (62), (65)

and (64), we get

p
pµ(�)pµ(�)

(1 + z
G
(�))3

n
G
[xµ(�), ✓

G
] = a2n̄

G

"
1 + b�

CDM

+ 2 � 
O
+ 2⇧�⇧

O
� 2e ·rv + 3e ·rv

O
� 4

Z ⌘

⌘
O

d⌘0 ̇

#
.

(66)

Then, inserting this result in Eq. (36) for the total
energy density of GW and using the conformal time

as integration variable, we get

d3⇢
GW

d⌫Od
2⌦O

(⌫
O
, e) =

1

4⇡

Z
d⌘ a4

Z
d✓

G
n̄

G
L

G
(⌫

G
, ✓

G
)⇥

⇥
"
1 + b�

CDM

+ 4 + 4⇧� 3 
O
� 3⇧

O
� 2e ·rv + 3e ·rv

O
� 6

Z ⌘

⌘
O

d⌘0 ̇

#
, (67)

where we have substituted v = rv since we are con-
sidering only the contribution of scalar perturbations.
The integration runs along the unperturbed geodesic,
parameterized as x = x

O
+e(⌘

O
�⌘). This expression

can be split into a homogeneous and isotropic back-
ground contribution and a first order contribution as

d3⇢
GW

d⌫
O
d2⌦

O

(⌘O ,xO , e, ⌫O) = (68)

=
d3⇢̄

GW

d⌫
O
d2⌦

O

(⌘O , ⌫O) + E(⌘O ,xO , e, ⌫O) ,

where we have explicitly kept the dependence on the
observer spacetime coordinates (⌘

O
,x

O
). The pertur-

bation E(⌘
O
,x

O
, e, ⌫

O
) is explicitely given by

E =
1

4⇡

Z
d⌘ a4

Z
d✓G n̄G LG(⌫G , ✓G)⇥ (69)

⇥
"
b�

CDM

+ 4 + 4⇧� 2e ·rv � 6

Z ⌘

⌘
O

d⌘0 ̇

#
,

where we have set to zero all quantities at the ob-
server, since they do not depend on e and thus do not
contribute to the anisotropy and are a correction to
the monopole of the GW background. This expres-
sion can be compared to Eq. (9) of Ref. [51] and gives
the expression of the emissivity in terms of the astro-
physical details of the galaxies and thus its frequency
dependence.

In Eqs. (68) and (69) we distinguish two di↵erent
types of contributions: (1) a contribution from local
physics, proportional to the galaxy e↵ective luminosity
LG and (2) a cosmological contribution which depends
on metric perturbations, matter density contrast and

velocities. In the cosmological part, we can distinguish
di↵erent types of terms: a contribution propositional
to the CDM overdensity, coming from the perturbative
expansion of the galaxy density n

G
in the covariant

expression (36); a Doppler contribution due to the pe-
culiar motion of galaxies with respect to the observer
rest frame; local contributions and a contribution in-
tegrated along the line of sight. We expect the local
contribution proportional to the CDM overdensity to
be the dominant term, together with the Doppler one.
A quantitative analysis of this expression and an esti-
mate of its various contributions will be presented in
[45].

We conclude this section observing that the cosmo-
logical factor in eq. (69) has a structure very similar
to the one of the Sachs-Wolfe formula for CMB tem-
perature anisotropies. Nevertheless, this result is ab-
solutely not trivial and could not be guessed from its
electromagnetic counterpart. Indeed, it is true that
in both cases (CMB and AGWB) a line of sight ap-
proach is exploited together with the eikonal approx-
imation. However, for the electromagnetic case, pho-
tons are coming to the observer from a constant time
hypersurface, while in the case under study, sources
emitting GW have a non trivial redshift distribution.
As a consequence, in this gravitational situation, when
calculating (68), we had to take into account an e↵ect
of volume distortion, absent in the CMB case 16.

16 In deriving Eqs. (36) and (68) the reciprocity relation (14)
has been exploited and it allowed to get considerable compu-
tational simplifications.
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IV. ANGULAR POWER SPECTRUM

The function E(⌘O ,xO , ⌫O , e) defined in Eq. (69) is
a stochastic variable which depends on the observer’s
position and direction of observation. The cosmologi-
cal variables are correlated stochastic variables whose
spectra are related to a scenario of structure forma-
tion [18]. It follows that E can be characterized by its
angular correlation function

C(✓) ⌘ hE(⌘O ,xO , ⌫O , e1)E(⌘O ,xO , ⌫O , e2)i . (70)

Statistical isotropy implies that the correlation func-
tion depends only on the relative angle ✓; e

1

· e
2

⌘
cos ✓. This correlation function can be expanded in
Legendre polynomials

C(✓) ⌘
X

`

2`+ 1

2⇡
C`P`(e1 · e2) . (71)

A given multipole ` corresponds to the typical angu-
lar scale ⇡/✓ and C` is an estimate of the variance
of GW energy density fluctuations on that scale. To
get its expression, we first decompose E in spherical
harmonics as

E(⌘
O
,x

O
, ⌫

O
, e) =

X

`m

a`m(⌘
O
,x

O
, ⌫

O
)Y`m(e) , (72)

where the coe�cients of the development are given by

a`m(⌘
O
,x

O
, ⌫

O
) ⌘

Z
d2e E(⌘

O
,x

O
, e, ⌫

O
)Y ⇤

`m(e) .

(73)
Making use of the properties of Legendre polynomials,
it is easy to show that

(2`+ 1)C` ⌘
X

m

ha`ma⇤`mi , (74)

where the brackets stand for an ensemble average over
the stochastic variables. Statistical homogeneity im-
plies that this shall not depend on x

O
. From now on

we will thus omit the dependence of a`m on quantities
at the observer.
In order to calculate C`, it is useful to first expand

E in Fourier modes as

E(⌘
O
,x

O
, ⌫

O
, e) =

Z
d3k

(2⇡)3
Ê
k

(⌘
O
, ⌫

O
, e) , (75)

where we have reabsorbed a phase exp(ik·x
O
) into the

definition of the field Ê . All variables are decomposed
in a similar way and with the same convention for the
phase exp(ik · x

O
). Since E is an integral over the

background geodesic x(⌘) = x

O
+ e (⌘

O
� ⌘), we get

Ê
k

(⌘O , e, ⌫O) =
1

4⇡

Z
d⌘ a4

Z
d✓G LG(⌫G , ✓G) n̄G(⌘, ✓G)⇥

⇥
(
eikµ�⌘

h
4 ̂

k

(⌘) + 4⇧̂
k

(⌘) + b�̂
k

(⌘)� 2ikµ v̂
k

(⌘)
i
� 6

Z ⌘

⌘
O

d⌘0eikµ�⌘0 ˙̂ 
k

(⌘0)

)
, (76)

where e · k = kµ. Each stochastic variable X̂
k

(⌘)
in Eq. (76) can be decomposed as the product of a
transfer function Xk(⌘) and a unique random variable
â
k

as

X̂
k

(⌘) = X̂k(⌘)âk . (77)

X̂k(⌘) depends only on the modulus of k and â
k

sat-
isfies

hâ
k

â⇤
k

0i = (2⇡)3�(3)(k � k

0) . (78)

It follows that the mode function of Ê can be decom-
posed as

Ê
k

(⌘
O
, ⌫

O
, e) ⌘ Êk(⌘O

, ⌫
O
, µ)â

k

. (79)

We now expand the exponentials in spherical harmon-
ics and spherical Bessel functions using the standard
relation

eip·x = 4⇡
X

`m

i`j`(px)Y
⇤
`m(p̂)Y`m(x̂) . (80)

With the definition

Êk(⌘O
, ⌫

O
, µ) = 4⇡

X

`m

i` Ê`(k, ⌫O
)Y ⇤

`m(k̂)Y`m(e) ,

(81)

we finally get
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Ê`(k, ⌫O
) =

1

4⇡

Z
d⌘ a4

Z
d✓

G
L

G
(⌫

G
, ✓

G
) n̄

G
(⌘, ✓

G
)⇥

⇥
(h

4 ̂k(⌘) + 4⇧̂k(⌘) + b�̂k(⌘)
i
j`(k�⌘)� 2kv̂k(⌘)j

0
`(k�⌘)� 6

Z ⌘

⌘
O

d⌘0 ˙̂ k(⌘
0)j`(k�⌘

0)

)
, (82)

where the prime acting on the spherical Bessel denotes
a derivative with respect to its argument.

We can now go back to the expression (74) defining
the angular power spectrum C`. Plugging in Eq. (73)
defining the multipoles a`m, the Fourier transform (75)
of E and using Eqs. (A5) -(82), we get

C`(⌫O
) =

2

⇡

Z
dk k2|E`(k, ⌫O

)|2 . (83)

This expression is similar to the ones of CMB temper-
ature and polarisation angular power spectrum. Note
however that we have one angular spectrum per fre-
quency band.

From the result (83) we can compute the variance of
⌦

GW

due to the distribution of the large scale struc-
tures. For each frequency band, the variance is defined
by

�2

GW

(⌫O) ⌘ h�⇢
GW

(⌫O , e1)�⇢GW

(⌫O , e2)i e1·e2=1

,

(84)

so that using Eq. (71), we get

�2

GW

(⌫O) ⌘
X

`

(2`+ 1)

2⇡
C`(⌫O) . (85)

The computation of �2

GW

(⌫
O
) requires to solve the evo-

lution of the perturbations and of the galaxy number
counts (via a merger-tree analysis). The evolution of
the cosmological perturbations can be split in terms
of a transfer function and an initial power spectrum.
When the dominant contribution to (83) is propor-
tional to �

CDM

and the initial power spectrum is scale
invariant, it takes the form

�2

GW

(⌫
O
) =

X

`

2`+ 1

16⇡4

Z
dk

k

Z
d⌘ a4(⌘)

Z
d✓

G
L(⌫

G
, ✓

G
)n̄

G
(⌘, ✓

G
)b(⌘)T�(k, ⌘)j`(k�⌘)

�
2

, (86)

where T�(k, ⌘) is the transfer function of matter den-
sity contrast. Approximate analytic expressions for
�2

GW

(⌫
O
) and its numerical computation will be pre-

sented in our companion article [45].

V. CORRELATION WITH LENSING

The GW energy density (33) depends on the local
properties of galaxies as well as on cosmological per-
turbations. This means that it will be correlated with
other probes and in particular weak lensing of back-
ground galaxies and galaxy number counts.

Weak lensing describes the deformation of the shape
of background galaxies by the gravitational potential
of the large scale structure. Its description is now stan-
dard, see e.g. Refs. [18, 65–67]. The observed distor-
tion in a given direction is characterized by the Jacobi
matrix D and the associated amplification matrix A,
that relates the observed and intrinsic shapes.

In a perturbed FLRW spacetime, the amplification

matrix splits into a background and a perturbed con-
tribution as A = A(0) + A(1). The background part
reduces to A(0) = 1 and the first order contribution is
⇣
A(1)

⌘

ab
(⌘, e) = �2

Z ⌘

⌘
O

d⌘0
⌘0(⌘ � ⌘0)

⌘
@a@b , (87)

where the integral runs along the unperturbed
geodesic x = x

O
+ e(⌘

O
� ⌘). The trace of the ampli-

fication matrix is the convergence  while its tracefree
part defines the cosmic shear (�

1

, �
2

). The conver-
gence is given by

(1)(⌘, e) = �2

Z ⌘

⌘
O

d⌘0
⌘0(⌘ � ⌘0)

⌘
� (88)

for a source located at ⌘. The total convergence is
obtained by integrating this contribution weighted by
the number of sources along the line of sight,

(1)(e) = �2

Z
d⌘ p⌘(⌘)

Z ⌘

⌘
O

d⌘0
⌘0(⌘ � ⌘0)

⌘
� , (89)
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where p⌘ is a function that takes into account the
redshift distribution of sources, d⌘ p⌘(⌘) = dz pz(z).
Eq. (89) can be rewritten as

(1)(e) = �2

Z
d⌘ g(⌘)⌘� , (90)

with

g(⌘) ⌘
Z ⌘H

⌘

d⌘0 p⌘(⌘
0)
⌘0 � ⌘

⌘0
, (91)

and ⌘H is the value of ⌘ associated to the size of the
observable universe. In this analysis, we just consider
the total convergence, but our result can be trivially
extended to redshift bins if a tomographic information
exists.

The convergence (89) depends on the lensing poten-
tial 2 and in the direction of observation. Since the
GW energy density also depends on the perturbation
variables, both quantities are correlated. We introduce
the cross-correlation

B(✓, ⌫O) ⌘ hE(⌘O , ⌫O ,xO , e1, ⌫O)(⌘O ,xO , e2)i , (92)

where e

1

· e
2

= cos ✓. This function can be expanded
in Legendre polynomials as

B(✓, ⌫O) =
X

`

2`+ 1

2⇡
B`(⌫O)P`(e1 · e2) , (93)

with e

1

· e
2

= cos ✓. Following the same steps as in
section IV, we expand  in multipoles as

(⌘
O
,x

O
, e) =

X

`m

`m(⌘
O
,x

O
)Y`m(e) , (94)

with

`m(⌘O ,xO) =

Z
d2e(⌘O ,xO , e)Y

⇤
`m(e) . (95)

Inserting these decompositions together with Eqs. (72-
73) and (94-95) for the multipolar decomposition of E
in Eq. (92), we get

(2`+ 1)B`(⌫O
) =

X

m

ha`m(⌫
O
)⇤`mi . (96)

The calculation of this quantity follows the same line
as in section IV: one needs to expand E(⌘O ,xO , ⌫O , e)
and (⌘

O
,x

O
, e) in Fourier modes, hence defining

̂
k

(⌘O , e) = 2k2
Z

d⌘ g(⌘) ⌘  ̂
k

(⌘0)eikµ�⌘0
. (97)

Decomposing the Bardeen potential in terms of a
transfer function  k(⌘) and the unit random variable
â
k

, one gets

̂
k

(⌘
O
, e) = ̂k(⌘O

, k, µ)â
k

. (98)

After decomposing the exponential in spherical har-
monics, we get

̂k(⌘O , µ) ⌘ 4⇡
X

`m

i`̂`(k)Y
⇤
`m(k̂)Y`m(e) , (99)

with

̂`(k) = 2k2
Z

d⌘ g(⌘) ⌘ j`(k�⌘) ̂(⌘, k) . (100)

To conclude, we just need to substitute the expressions
of the Fourier decompositions of E and , i.e. Eqs. (81-
82) and (98-99), in the definitions (73) and (95) of the
multipoles a`m and `m, to get

B`(⌫O) =
2

⇡

Z
dk k2E⇤

` (k, ⌫O)`(k) . (101)

VI. CORRELATION WITH GALAXY
NUMBER COUNTS

Galaxy surveys provide catalogs with information
about galaxy redshift z

G
, angular coordinates, fluxes

and shapes. Redshift space coordinates need to be
converted into physical coordinates, with which theo-
retical predictions are drawn.
The galaxy number counts [68, 69], defined as the

perturbation of the number of galaxies as a function
of direction and redshift17, is also correlated with the
GW background. We consider the number of galaxies
in a direction e at redshift zG , that we denote as

NG(e, zG)d
2⌦dzG . (102)

The redshift distribution hNGi(zG)dzG is deduced
from this quantity taking an average over the sky. The
galaxy density perturbation at a fixed redshift zG ob-
served in a direction e is given by

�z(e, zG
) ⌘ n

G
(e, z

G
)� hn

G
i(z

G
)

hnGi(zG)
(103)

⌘ N
G
(e, z

G
)� hN

G
i(z

G
)

hN
G
i(z

G
)

� �⌫(e, z
G
)

⌫(z
G
)

,

where we have introduced the galaxy number density

nG(e, zG) ⌘
N

G
(e, z

G
)

⌫(e, zG)
, (104)

and the physical survey volume density, ⌫, per red-
shift bin and solid angle. ⌫ is also a perturbed
quantity since the solid angle of observation as well
as the redshift bin are distorted between the source
and the observer. Expressing the physical volume as
V (e, z

G
) ⌘ ⌫(e, z

G
)dz

G
d2⌦, it follows that

⌫(e, z
G
) ⌘ ⌫(z

G
) + �⌫(e, z

G
) . (105)

17 Being an observable quantity and therefore gauge invariant,
we have the freedom to derive it in an arbitrary gauge.
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We can therefore define the galaxy number counts as

�(e, z
G
) ⌘ NG(e, zG)� hNGi(zG)

hN
G
i(z

G
)

(106)

⌘ �z(e, zG) +
�⌫(e, z

G
)

⌫(zG)
, (107)

in terms of redshift perturbation �z and volume den-
sity perturbation �⌫/⌫. All these quantities are gauge
invariant. An explicit calculation of � in terms of cos-
mological quantities can be found in Ref. [68].

In the following, we consider the most dominant
term of the galaxy number counts (beside the intrin-
sic density contrast), following the approximatio first
physically motivated by Kaiser [70]. Since then it
has been considered to estimate the e↵ect of pecu-
liar velocities on the observed redshift. In the follow-
ing, we refer to FLRW comoving coordinate frame as
real space and to the observed coordinates as redshift
space, indicated with subscript obs. Galaxy number
conservation must bring the same result in real space
and redshift space

n
G,obs(xobs

)d3x
obs

= n
G
(x)d3x . (108)

We now define

n
G,obs(xobs

) ⌘ n̄
G
[1 + �

obs

(x
obs

] , (109)

nG(x) ⌘ n̄G [1 + �(x)] , (110)

where we have used that in the absence of perturba-
tions, we have no space distortion. From Eq. (108), it
follows

[1 + �G,obs(xobs

)] d3x
obs

= [1 + �G(x)] d
3

x . (111)

To isolate �G,obs(xobs

) we need to calculate the Jaco-
bian of the transformation from redshift space coordi-
nates to real space. Since only the radial coordinate
is a↵ected by redshift perturbations, we have

�
obs

⌘ �(z
G
) ' �(z̄) +

@�

@z̄
�z , (112)

where we have used z
G
= z̄+�z and @�/@z̄ = H�1(1+

z̄)�1. Keeping only the Doppler contribution in Eq.
(55), we find

�
obs

' �+
e · v
H . (113)

The Jacobian,

J ⌘
����

d3x

d3x
obs

���� =
d�

d�
obs

�2

�2

obs

, (114)

reduces at linear order to

J ' 1� @

@�

h
e · v
H
i
� 2

e · v
H� , (115)

where we have also kept the dominant term in the limit
|v| ! 0. Going back to Eq. (111), it follows

�
obs

(x) = �(x) +
@

@⌘

h
e · v
H
i
� 2

e · v
H� . (116)

The last term is usually neglected, since the derivative
of perturbations are expected to dominate 18 together
with the dominant intrinsic clustering term [75]. Iden-
tifying the observed number counts with the redshift-
space overdensity, we obtain the so-called Kaiser ap-
proximation for redshift-space distortions

�(x) ' b �
CDM

(x) +
@

@⌘

h
e · v
H
i
, (117)

where b is the bias (that we consider to be a function
of time) and v the cold dark matter velocity flow. We
can integrate along the line of sight to get the e↵ective
number count, function of the direction of observation,

�(⌘
O
,x

O
, e) ⌘

Z
d⌘�(⌘

O
,x

O
, e, ⌘) , (118)

where we have explicitly indicated the dependence on
the observer spacetime coordinates. Explicitly, in the
Kaiser approximation

�(⌘
O
,x

O
, e) '

Z
d⌘


b �

CDM

(x) +
@

@⌘

⇣
e · v
H
⌘�

.

(119)
Let us now turn to the correlation between � and

the GW energy density defined in Eq. (68). It is given
by

D(✓, ⌫
O
) ⌘ hE(⌘

O
,x

O
, e

1

, ⌫
O
)�(⌘

O
,x

O
, e

2

)i, (120)

with e

1

· e
2

= cos ✓. Again, it can be expanded in
Legendre polynomials as

D(✓, ⌫
O
) =

X

`

2`+ 1

2⇡
D`(⌫O

)P`(e1 · e2) . (121)

Following the same procedure as in section IV, we ex-
pand � in multipoles as

�(⌘
O
,x

O
, e) =

X

`m

d`m(⌘
O
,x

O
)Y`m(e) , (122)

with

d`m(⌘O ,xO) =

Z
d2e�(⌘O ,xO , e)Y

⇤
`m(e) , (123)

so that

(2`+ 1)D`(⌫O) =
X

m

ha`m(⌫O)d
⇤
`mi . (124)

In order to calculate D`, we expand �(⌘O ,xO , e) in
Fourier space as

�(⌘O ,xO , e) =

Z
d3k

(2⇡)3
�̂

k

(⌘O , e) , (125)

18 Only on very large scales comparable to the Hubble radius
H�1, the contribution of the last term is non-negligible and
should be carefully considered when interested in wide-angle
surveys [71–74].
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the phase exp(ik ·x
O
) being absorbed in the definition

of the Fourier coe�cient. We find

�̂
k

(⌘O , e) = (126)

=

Z
d⌘


b�̂

CDMk

(⌘) + ikµ@⌘

✓
v̂
k

(⌘)

H

◆�
eikµ�⌘ ,

with e · k = kµ. Decomposing v̂

k

(⌘) and �̂
CDM,k(⌘)

as the product of a random variable â
k

and transfer
function v̂k(⌘) and �̂CDM,k, we get

�̂
k

(⌘O , e) = â(k)�̂k(⌘O , µ) . (127)

Expanding the exponential functions in spherical har-
monics by using Eq. (80), we can define

�̂k(⌘O , µ) ⌘ 4⇡
X

`m

i`�̂`(k)Y
⇤
`m(k̂)Y`m(e) , (128)

with

�̂`(k) = (129)

=

Z
d⌘


b�̂

CDM,k(⌘)j`(k�⌘) + k@⌘

✓
v̂k
H

◆
j0`(k�⌘)

�
.

The cross-correlation is then obtained exactly in the
same way as in the previous section, so that

D`(⌫O
) =

2

⇡

Z
dk k2E⇤

` (k, ⌫O
)�`(k) . (130)

VII. CONCLUSIONS

We developed an analytic approach for the compu-
tation of the anisotropies of the background of grav-
itational radiation from unresolved galactic and ex-
tragalactic sources. We distinguished three di↵erent
scales in the problem: a cosmological, a galactic, and
an astrophysical scale. We explained how to relate
quantities measured by the observer (i.e. the direc-
tional flux of gravitational radiation per unit of fre-
quency) to e↵ective and local quantities characterizing
the GW emission. At each scale, di↵erent mathemati-
cal tools need to be exploited: from cosmological per-
turbation theory at the cosmological scale, to statisti-
cal mechanics and astrophysical calculation to charac-
terize the local process of GW emission. This coarse
graining approach enables us to obtain a parametriza-
tion for the observed flux of GW in a given direction,
as a function of local quantities characterizing the pro-
cess of GW emission and already presented in the lit-
erature, for various source types.

Our final results for the anisotropies of the AGWB
energy density, contains a cosmological component,
which depends on the distribution of structures at
large scales, and a local one, related to the local pro-
cess of GW emission and to the intrinsic properties of
the sources, see. Eq. (36) for the general expression
for AGWB anisotropies and eq. (68) for the expression

specialized to a FLRW universe with scalar perturba-
tions. We have derived the expression of the AGWB
angular power spectrum, see Eq. (83) as well as its
correlation with lensing and galaxy number counts,
Eqs. (101) and (130), respectively.
In the next few decades the LISA and ET exper-

iments will provide new data on an unexplored fre-
quency band, where many galactic and extragalactic
astrophysical processes are expected to contribute. In
principle, observations will allow us to reconstruct an
angular map of the AGWB energy density, similar to
the CMB map for electromagnetic radiation. On the
other hand, modeling the astrophysical background
as precisely as possible to extract information on its
strength, frequency range and statistical properties, is
crucial to distinguish it from the cosmological signal,
foreground or instrumental noise.
Even though this observational landscape may seem

far away, our analysis (and its companion in [45]) will
enable us to quantify the relative influences of the as-
trophysical and cosmological sources. It will either
open a window on astrophysics (e.g. measurement of
binaries rates etc.) if the former dominate or provide
a new cosmological probe if the result is robust to the
unknown astrophysics. We observe that, since the an-
gular power spectrum of the AGWB energy density
has a frequency dependence, the relative importance
of cosmological and astrophysical e↵ects could depend
on the frequency band chosen, hence o↵ering the pos-
sibility to distinguish di↵erent astrophysical processes.
The cross-correlation with lensing and galaxy distribu-
tion opens a window on the understanding of the dis-
tribution of GW sources, in analogy e.g. with Ref. [49]
albeit in a di↵erent context.
Our treatment assumed that all the GW sources

are located inside galaxies. This can easily be gen-
eralized to include more exotic scenarios, e.g. mod-
els in which dark matter is made of primordial back
holes with mass of the order of 20-100 solar masses.
Cross-corellations can indicate to which extent black-
hole mergers are correlated with galaxies and hence
study this hypothesis.
To finish, we stress that in order to get quantita-

tive predictions for the angular power spectrum of the
AGWB energy density, the local physics processes gen-
erating GW have to be parametrized in detail. A nu-
merical study of the AGWB anisotropies, specifying
local physics models, will be detailed in our compan-
ion article [45].
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Appendix A: Reference frames

From now on we focus on a single source i emitting
GW in a galaxy. To simplify the notation, we omit the
superscript (i). We introduce the following reference
frames

1. S: (Eµ
A)S ⌘ (uµ, Eµ

i )S reference frame of the
source, with the z axis parallel to the axis of the
source A

S
.

2. K: (Eµ
A)K ⌘ (uµ, Eµ

i )K reference frame of the
galaxy, with the z axis parallel to the boosted
axis of the source A

K
. It is related to the first

one by a boost with velocity �.

3. G: (Eµ
A)G ⌘ (uµ, Eµ

i )G reference frame of the
galaxy, with the z axis aligned with the axis of
the galaxy B

G
. It is related to the reference

frame (Eµ
A)K through a rotation with Euler an-

gles ↵,�, �.

We write explicitly the relation among the various
frames. K and G are related by a rotation

(Ei)K = Ri
j(↵,�, �)(E

j)
G

= REG
z
(�)ijREG

y
(�)jkREG

z
(↵)k` (E

`)G . (A1)

S and K are related by a boost with velocity �. Ex-
plicitly

(EA

µ )K = ⇤A

B

(EB

µ )S , (A2)

(Eµ
A

)
K
= (Eµ

A

)
S

�
⇤�1

�
B

A

= ⇤ B

A

(Eµ
B)S , (A3)

with

⇤0

0

= � , ⇤0

i = ⇤
i
0

= ���i ,

⇤i
j = �ij +

�2

1 + �
�i�j , (A4)

and ��2 = 1� �i�i and �2 ⌘ �i�i.

1. Situation in S

The energy spectrum emitted in the source refer-
ence frame S depends on the angle between the line
of sight and the axis of the source, i.e. e

S
·A

S
⌘ µ

S
,

on the frequency ⌫
S
, on the usual set of parameters ✓

G

and on the parameters ✓(i) characterizing the source
under exam. To simplify the notation, we omit in the
following this last dependence. We therefore have

d3E
S

d⌫
S
d2⌦

S

(⌫
S
, e

S
·A

S
, ✓

G
) =

1

2⇡

d2E
S

d⌫
S
dµ

S

(⌫
S
, µ

S
, ✓

G
) .

(A5)

2. Situation in K

We need to boost the previous spectrum defined in
S. The 4-vector kµ of a graviton is decomposed in the
two frames S and K as

kµ = ⌫
S

�
uµ

S
� eµ

S

�
= ⌫

K

�
uµ

K
� eµ

K

�
. (A6)

The relation between the frequency and the line of
sight observed in the two frames is derived in Ap-
pendix G of Ref. [76]. At linear order in the boost
velocity �,

⌫
S
= (1+� · e

K
) ⌫

K
, (A7)

ei
S
= (1�� · eK) e

i
K
+�i , (A8)

where ei
S
⌘ Ei

µe
µ
S
and ei

K
⌘ Ei

µe
µ
K
. Analogously, intro-

ducing a vector Aµ defining the axis of the source, we
introduce the decomposition

Aµ = AS

�
uµ

S
+Aµ

S

�
= AK

�
uµ

K
+Aµ

K

�
. (A9)

We find up to linear order in �

A
S
= (1�� ·A

K
)A

K
, (A10)

Ai
S
= (1+� ·A

K
)Ai

K
��i , (A11)

where Ai
S
⌘ Ei

µA
µ
S
and Ai

K
⌘ Ei

µA
µ
K
. Defining µ

S
⌘

cos↵
S
= A

S
· e

S
and µ

K
⌘ cos↵

K
= A

K
· e

K
, we get

at linear order in �

µ
S
= µ

K
�(1 + µ

K
)(e

K
�A

K
) · � . (A12)

This expression relates the angle identifying the orien-
tation of a source in the source rest frame to the angles
defining the orientation of the source in the galaxy rest
frame. If the source spectrum in the source rest frame
has a rotational symmetry such that it depends only
on µS , then this is not the case in the galaxy frame due
to the aberration of the boost relating both frames, as
can be seen by the dependence in e

K
· �. Indeed, the

spherical coordinates of e
K
in the frame K are obtained

from

ei
K
= (Ei

µ)Ke
µ
K
= (cos↵

K
cos�

K
, cos↵

K
sin�

K
, sin↵

K
) .

(A13)

3. Situation in G

We need to write the axis of the source in the refer-
ence frame G, using (A1). We get

Ai
G
⌘ Ri

j(0,�, �)A
j
K
, (A14)

A

G
= (sin� cos � , sin� sin � , cos�) . (A15)

The line of sight components will transform with (A1).
Explicitly

ei
G
⌘ (Ei

µ)Ge
µ
G
= (cos↵

G
cos�

G
, cos↵

G
sin�

G
, sin↵

G
)

= Ri
j(0,�, �)e

j
K
. (A16)



18

We now recall the relation between the reference
frames G and K and we make use of (A12), to re-
late the angle between the axis of the source and the
line of sight in the source frame to the spherical an-
gles defining the orientation of the source, the line of
sight and the boost velocity in the galaxy frame. We
indicate these angles and the magnitude of the boost
velocity collectively as �G and the resulting relation is
of the type µS(�G). We then relate the spectrum in
the frame G to the one in the source frame thanks to

d3E
G

d⌫Gd
2⌦G

(⌫G ,�G , ✓G) =

����
d⌦

S

d⌦G

����
d3E

S

d⌫Sd
2⌦S

(⌫S , µS , ✓G) .

(A17)

4. Spectrum transformation

The proper time of the observer in K (and hence in
G) is related to the proper time in S by

dt
K
=

1

�
dt

S
= dt

S
+O(�2) . (A18)

It follows that at linear order in � the two times can
be identified.

The spectrum (A17) in the galaxy rest frame can
be written in terms of quantities defined in the source
rest frame as

d3E
G

d2⌦
G
d⌫

G

(⌫
G
,�

G
, ✓

G
) (A19)

=
1

2⇡

d2ES

dµ
S
d⌫

S

(⌫
S
, µ

S
, ✓

G
)[1 +O(�)] ,

where we have used that the energy spectrum trans-
forms as a scalar under boosts and substituted Eq.
(A12) to assess that d2⌦

K
/(2⇡dµ

S
) is unity up to lin-

ear terms in �.
We insert these results in Eqs. (26), (29) and make

use of Eq. (19). By doing this, we get expressions
for the e↵ective luminosity of a galaxy in terms of lo-
cal quantities defined in the source local frame. Since
linear contributions in � vanish when averaging over
� with the distribution function f(✓

G
,�), in the fi-

nal result for the e↵ective luminosity Eqs. (26), (29)
energy, frequency and time in the source and galaxy
frame can be simply identified, i.e. ⌫

G
= ⌫

S
, E

G
= E

S

and t
G
= t

S
, and the energy spectrum depends on di-

rections only through µ
G
= µ

S
(up to linear order in

�).
Summarizing, to get how the energy spectrum and

the power emitted by a GW source transform under
a boost with velocity �, three e↵ects have to be con-
sidered: Doppler shift of frequencies, aberration e↵ect
and transformation of time. We have computed these
e↵ects and we have showed that up to linear order in
�, we can identify the energy spectrum and the power
in the reference frames of the source and of the galaxy
since linear terms in � coming from the Lorentz trans-
formation cancel once averaged with the velocity dis-
tribution. We emphasize that no other e↵ects come

into play. On the largest scale of our problem (cos-
mological scale), galaxies are considered as point-like
sources and at this scale and the e↵ect of a relativistic
beaming is hidden in the distance-duality relation, see
e.g. section 3.2.4. of [77].
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